Since failures in sensors degrade the performance of active mass damper (AMD) control systems, a dynamic filter design method, a state observer design method and a robust control strategy are developed and presented in this paper to overcome this deficiency. The filter design method is transformed into a H 2 /H  control problem that is solved by linear matrix inequality approach. Thus, it is used to perform fault detection and isolation (FDI) for the control systems. The state observer design method uses the acceleration responses as the feedback signal. The detected and isolated fault signals in accelerometers are used to estimate the whole states, that are used to calculate the control force though a robust control strategy based on regional pole-assignment algorithm. Then, the active fault-tolerant control (FTC) is accomplished. To verify its effectiveness, the proposed methodology is applied to a numerical example of a tenstorey frame and an experiment of a single span fourstorey steel frame. Both numerical and experimental results demonstrate that the performances of FTC controller and the control system are improved by the designed dynamic FDI filter to effectively detect and isolate fault signal.
ACTIVE mass damper (AMD) is used to control the dynamic response of highly flexible buildings horizontally [1] [2] [3] [4] [5] . Recently, several studies focused on robust controller design for nonlinear dynamical systems and mainly include fault-tolerant control (FTC) technology [6] [7] [8] [9] . The design methods of the FTC system include analytical redundancy method, hardware redundancy method, etc. The hardware redundancy method aims to provide backup hardware for components that are prone to failure and to improve the fault-tolerant performance of the system. However, this method increases hardware costs and the weight of the system, and is restricted by space. Therefore, the analytical redundancy method, which improves the redundancy of the system through the design of the controller, is more appropriate for flexible buildings. The FTC system using analytical redundancy method is divided into passive and active fault-tolerant systems. The passive fault-tolerant system, which cannot accomplish on-line fault identification, is regarded as traditional robust control. In comparison, the active FTC system in engineering practices needs to utilize the dynamic fault detection and isolation (FDI) technology to contain fault signals. Currently, several innovative FDI technologies have been developed 10 and widely used in the field of control [11] [12] [13] [14] . Generally, the AMD system of a high-rise building includes sensors, actuators and controller. In practice, structural vibration response measured by several types of sensors is sent to the controller as the feedback signal, which is usually a state vector composition of displacement and velocity in the horizontal direction 15, 16 . Instead, using a state observer can overcome the deficiency when the whole states are too hard to be measured directly in a high-rise building. Since acceleration is easier to measure than displacement and velocity, it is used to construct the state observer that is more robust 17 . Based on the state observer and a suitable control strategy, the control system restrains the structural response in a timely manner 18, 19 . Noticeably, due to adverse circumstances such as mechanical damage, environmental damage and lack of maintenance, the attached accelerometers may sometimes malfunction or even fail. An observer-based system is considered to introduce a fault signal that seriously reduces the control performance. Therefore, the reliability and robustness of this system should be studied. FDI technologies are often used to estimate the state of the control system through an observer. For example, Kalman filter was used to estimate the state of an aircraft model and also introduced for fault detection and isolation 20 . An observer-based FDI technology was designed to estimate the state of linear structural systems, so as to detect faults and disturbances of the systems 21 . In other studies 22 , an observer with unknown input was applied to the system with random noise, which realized the fault detection and identification. However, a state observer design method based on the acceleration signals with a corresponding protective measure (a FDI filter), which is an effective measure for flexible buildings to resist strong dynamic loads, needs further theoretical and applied studies.
In this paper, the derivation of the state-space equation of flexible buildings with an AMD control system that considers fault signal in sensors is first described. The design problem of the dynamic FDI filter is then expressed as a group of nonlinear matrix inequalities that are transformed into a group of linear matrix inequalities (LMI) 23 through variable substitution method 24 . Through the FDI filter, the detected and isolated signal is regarded as the input of the designed state observer to estimate the whole states of the system, which are used to calculate the control force based on regional pole-assignment algorithm 25 . Finally, a numerical example of ten-storey frame and an experiment of a single span four-storey steel frame is presented to verify the effectiveness of the proposed method.
Formulation of AMD control systems with fault signal
When several accelerometers fail to work, the system is considered to introduce a time-varying fault signal f and is assumed to follow the form described in ref. 26 . The force equilibrium of the flexible buildings (n degrees of freedom) with an AMD system is ( ) (
where Y is the output vector, and C, D 1 and D 2 are the state output matrix, the direct transmission matrices of control force and external excitation respectively. F is the influence matrix of the fault signal on system observation equation. The system shown as eq. (3) can be illustrated by Figure 1 a. P is the mathematical model of eq. (3), and C o is the controller. When the fault signal exists in certain sensors, an input signal f is added into the system and negatively impacts the performance of the control system.
Dynamic FTC controller design

Dynamic FDI filter
In order to guarantee the performance of the control system under the influence of the fault signal, the dynamic FDI filter C D is required to detect and isolate the fault signal in time. The output information of the system is used as the input of C D . Since the external excitation input W and the fault signal f are unknown, the output measurement Y and the detected fault signal r are regarded as the input and output of C D respectively. The error signal e= r -f is introduced to evaluate the (4) is represented by the block diagram shown in Figure 1 c. The design of the FDI filter is transformed into the design problem of a controller. Specifically, the controller C D is designed to guarantee that the response of the augmented system P 2 under the effect of disturbance w p is minimum. The aim is to use H 2 /H  control theory to design the dynamic FDI filter. Specifically, the difference z p between the estimated and actual fault signals is regarded as the target output, and the designers should guarantee that H 2 norms of the transfer function between the interference input w p and the target output z p is minimum.
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The input of C D is y p = Y, the output is the detected fault signal r, and the state-space equation of 
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The control system shown as eq. (4) has a H  FDI filter 27 , if and only if there exists a symmetric positive-definite matrix P such that the following inequality holds 2 0.
where A CL , B CL , C CL and D CL are determined by eq. (7) and  is a given positive constant. However, because inequality (8) is a nonlinear matrix inequality of the variables P, A f , B f , C f and D f , it is difficult to obtain the feasible matrix variables from the inequality directly. Therefore, the variable substitution method 24 needs to be used to transform the nonlinear matrix inequality (8) into a linear matrix inequality, and then the LMI toolbox can be used to solve the problem.
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Both sides of the matrix inequality (8) 
The sub elements '*' of the upper matrix inequality can be obtained according to the symmetry of the matrix. The matrix inequality (14) is pre-and post-multiplying 1 11 diag{ , , , }, S I I I 
Then, the inequality (15) 
The matrix P is a positive-definite matrix, if and only if the following inequality is established.
where R, X, M, N, L and D f are the feasible solutions of the matrix inequalities (17) and (19) . Similarly,  is a given positive constant, if and only if there exists symmetric positive-definite matrices P and Q such that the following inequalities hold.
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The control system shown as eq. (4) has a H 2 FDI filter 24 . The inequality (20) is satisfied by the inequality (8) . The matrix inequality (21) is pre-and post-multiplying diag{ , }, I P then 0.
The matrix inequality (23) is pre-and post-multiplying diag{ , } T I J and diag{ , } I J respectively. According to eq. (12), the matrix inequality (23) is equivalent to 2 11 12 2
The matrix inequality (24) is pre-and post-multiplying 1 11 diag{ , , },
Using the variable substitution method 24 , variables are defined as eqs (13) and (16) ; then the matrix inequality (25) is equivalent to
where R, X, H, N and D f are the feasible solutions of the matrix inequalities (26) and (22) . Therefore,  and  are given positive constants for the control system shown as eq. (6) that has a dynamic FDI filter, if and only if the optimization problem is established.
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s.t. (1) Inequality (17); (2) Inequality (19); (3) Inequality (26); (4) Inequality (22); where R, X, M, Q, N, L and D f are the feasible solutions of the matrix inequalities (27) . According to eqs (13) and (16), we get 
The transfer function of the dynamic FDI filter is
According to eq. (10), eq. (29) is equivalent to
and D f are the coefficient matrices of the dynamic FDI filter C D shown as eq. (5) for the control system shown as eq. (4).
Dynamic FTC controller with a state observer and a FDI filter
The nonlinear matrix inequalities are transformed into the form of LMI based on the variable substitution method, and the solver 'feasp' of LMI toolbox in MATLAB is used for solving the sub-optimal problem. The variables replaced by the method are restored, and then four coefficient matrices (A f , B f , C f and D f ) of the dynamic FDI filter C D are solved. The fault signal in sensors from measuring signal Y is detected and isolated by the FDI filter C D . Based on these, a dynamic FTC controller can be built to control the structural responses. The control forces of the state feedback control system after fault isolation is calculated by region pole-assignment algorithm. The control forces of the FTC controller are described as
where G is a closed-loop feedback gain matrix based on regional pole-assignment algorithm 25 . By substituting eq. (32) into eq. (2), we get
The state vector of each floor is estimated effectively by using the state observer.
The second equation of eq. (34) is written in the form of a partitioned matrix.
where Y 1 is a vector of displacement and velocity of the structure and its AMD. Y 2 is a vector of acceleration, which is processed by the FDI filter, and 2
Y  is the acceleration response with fault signal.
According to eq. (35), the external excitation vector can be written as
By substituting eq. (36) into eqs (34) and (35), we get .
The state observer is described as
By substituting the second equation of eq. (39) into the first equation, Y 2 and Z can be used to estimate the system state vectors 1 .
where G o is the feedback gain of the observer. 1 , Y  which is an estimated vector of the system state of the structure and its AMD, is used to calculate the control force.
Based on the derivation above, the process of the FTC control system is illustrated in Figure 1 d. The state-space eq. (4) is shown by the point-line box, the state observer based on acceleration responses is depicted by the dashed box, and the symbol inside the black solid box represents the dynamic FDI filter C D .
Numerical verification
In this paper, a ten-storey frame is constructed for numerical analysis. The height and total mass of this structure are 33 m and 892.9 tonnes respectively. The lumped mass method is used to build the mass matrix for the structure. A unit force is applied to each particle floor of the structure, and the displacement at each floor is then obtained and combined into the flexibility matrix. The stiffness matrix can be easily obtained, as the inverse of the flexibility matrix. The AMD control device is assumed to be installed on the eighth floor and is only used to control the horizontal vibration along the minor axis. Key parameters of AMD are listed in Table 1 . Structural frequencies and modal mass participating ratios 28 of the ten-storey frame, which are calculated using the model constructed in Matlab, are listed in Table 2 .
Based on Davenport spectrum, a ten-year return period fluctuating wind speed is generated for numerical analysis. ( ) ( , ) ,
where P i is the fluctuating wind load at ith floor,  the air density, ( ) V z the average wind speed at ith floor, u i the fluctuating wind speed that is associated with height and time.  s and S are the shape factor of a building and the area of windward side respectively. Under the above ten-year return period wind load, an original controller and a state observer, both based on regional pole-assignment algorithm are designed for the ten-storey frame. The structural responses of the eighth floor, and AMD parameters of different systems are shown in Figure 2 . Table 3 presents the maximum responses, control effects and values of AMD parameters. In this paper, the control effect is quantified as the ratio between dynamic responses of the structure with and without control, and AMD parameters include control force and stroke. Figure 2 and Table 3 show that the original controller and the state observer, both based on pole-assignment algorithm, obviously reduce the wind vibration response. Specifically, the maximum variations of the displacement, velocity and acceleration control effects between two different systems are only 0.24%, 0.21% and 2.70%, and the AMD parameters of the state observer increase by 0.1708 N and -0.0009 m. Therefore, the acceleration response obtained from the optimal placement scheme of sensors is rationally used as a feedback signal for the state observer that also can guarantee that the system has the same superior control effect and stable AMD parameters as the original controller.
A dynamic FTC controller with a state observer and a FDI filter is then designed for the ten-storey frame. The accelerometer in the seventh floor is assumed to fail to work, and three forms of artificially added fault signals are assumed, i.e. square wave (the amplitude of 1 m/s 2 , the period of 2 s and the width of 1 s), sine wave (the amplitude of 1 m/s 2 , the period of 2 s) and white Gaussian noise (the power is 0.1 dBW, the load impedance is 0.1 ), as shown in Figure 3 a-c. The dimension of the fault signal f (t) of the ten-storey frame is 11  1. The signals shown in Figure 3 a-c are added in the seventh floor's accelerometer. Time history analysis is achieved by simulink toolbox in Matlab, and the duration of the whole process is 600 s.
Under these scenarios, the effectiveness of the dynamic FDI filter is verified by comparing the detected fault signal with the artificially added one. The detected fault signals in seventh floor's accelerometer are shown in Figure 3 d-f , and the errors of added and detected fault signals in seventh floor's accelerometer are shown in Figure 3 g-i. Based on the results, under both conditions, the detected trend and amplitude of signals from the fault accelerometer are equal to the assumption. Moreover, Figure 3 g-i shows that the amplitudes of the errors are almost zero. Therefore, the FDI filter C D designed in this paper is used to detect the location and the amplitude of the fault signal correctly.
The performance of the designed FTC controller is then verified by comparing with the system without fault signal (No fault signal). Under a ten-year return period wind load, the structural responses and the AMD parameters of different control systems with and without fault signal are shown in Figure 4 . Fault signals with dynamic FTC stand for control systems with different timevarying fault signals (square wave, white Gaussian noise) and a dynamic FTC controller. In the figures, dashed lines represent the response of the structure without control under the wind load, and the solid lines show the response of the structure with control. The corresponding control effects (defined as the ratio between controlled and uncontrolled responses) and AMD parameters are listed in Table 4 .
It can be seen that from Figure 4 and Table 4 ; (i) When the sensor has no fault signal, the controller based on regional pole-assignment algorithm effectively reduces the structural response. When the sensor fails, the control system that does not take the isolation measure is to diverge. Therefore, the fault signal in sensor cannot be ignored. The design of the dynamic FDI filter can isolate the fault signal, which is very important for the control system. (ii) When the sensor has a sine wave fault signal, the dynamic FTC controller effectively restrains the structural response, and its control effects are nearly equivalent to the system without a fault signal. Specifically, the maximum variations of the displacement, velocity and acceleration control effects between two different systems are only 0.06%, 0.05% and 0.17%. Therefore, the developed dynamic FTC controller effectively detects and isolates the fault signal. Also, the dynamic FTC controller maintains the stability of AMD parameters, which are consistent with the system without fault signal. Specifically, AMD parameters of the FTC controller increase only by 0.0046 N and 0.0086 m. The same result is obtained when the fault signal is white Gaussian noise.
Experimental verification
An experimental system of a four-storey steel frame with an AMD control device installed on the fourth floor is given in ref. 16 . The acceleration signals of the second and fourth floors were used as the feedback signal for a controller to calculate the real-time control forces. A servo motor acquired the forces from an EtherCAT bus system and was used to add these forces to control the structure. The structural response signals of the second, third and fourth floors were used to verify the control effectiveness. To verify the efficiency of the developed method, the FTC controller is applied to the experimental system. The original signal is monitored by the second, fourth floor acceleration response of the controlled structure. Then the observer is used to get estimated states to calculate the control forces. The loading frequency of the system is 1 Hz, that is, the peak value of the corresponding excitation force is 45.89 N, and the wave form of this force is sinusoidal. Under the above excitation load, the estimated and measured values of the structural responses are showed in Figure 5 . The duration of each scenario is 300 sec, and Figure 5 only gives data in 30 sec. From Figure 5 , it is seen that (i) The design method of the state observer based on the accelerations of partial floors is proposed in this paper, which estimates the whole state vectors of the system accurately. (ii) In the estimation results, the estimated displacement of the fourth floor is 0.0385 m, and in the actual results, the measured displacement is 0.0385 m, the displacement observation error is 0.4  10 -3 m. The estimated velocity is 0.1479 m/s, the measured velocity is 0.1429 m/s, the velocity observation error is 0.5  10 -2 m/s. Both the above two observation errors are really minor. (iii) There are two main reasons causing the observation errors of the displacement and velocity, (a) When the floor is moved to the place that has maximum horizontal displacement, the model has a slight and rapid vibration due to the coupling effect of vertical and horizontal sinusoidal loads. (b) There is a noise signal around the experimental system. It will affect if sensors can accurately measure the feedback signal or not.
When the accelerometer at the second floor fails to work, three forms of artificially added fault signals are assumed as shown in Figure 3 a-c. The detected fault accelerometer signal at second floor is shown in Figure 6 . The detected fault accelerometer signals (square and sine wave) at the second floor changes with time, and the amplitudes (1.055989 m/s 2 and 1.055783 m/s 2 ) of the detected fault signals are close to the artificially added fault signal (1 m/s 2 ). For white Gaussian noise, the detected one is pretty close to the origin one. Therefore, the FDI filtered signed in this paper is used to detect the location and the amplitude of the fault signal correctly.
Choosing two types of fault signals (sine wave and white Gaussian noise) as an example, the structural responses of different control systems with and without FTC are shown in Figure 7 , and the corresponding control effects and AMD parameters are listed in Table 5 .
Based on the results, (1) AMD control system increases the structural response and plays a negative role when the sensor fails, if designers do not take any isolation measures. Specifically, the displacement and acceleration control effects of the system with fault signal are all negative numbers. Therefore, it is important to design a FTC controller with a state observer and a FDI filter to detect and isolate the fault signal. (2) For sine wave fault signal, For white Gaussian noise, the maximum variations of the different control effects between two different systems are 1.44% and 6.60%, and the AMD parameters decrease by 3.13 N and 0.0263 m. Therefore, the FTC controller detects and isolates the fault signal effectively, and also restrains the structural responses and maintains the AMD parameters in the appropriate range. (3) The structural response does not completely obey the sine law due to the interaction between the AMD system and the structure, and the coupling of the horizontal and the vertical structural vibrations. (4) AMD device is placed in the fourth floor of the structure. Further, the acceleration control needs high frequency control force that will mitigate the structural high-order modes. Therefore, the control effect of third floor, which has an opposite high-order phase with the fourth floor, is significantly less than the control effect of second and fourth floors.
Conclusions
In this paper, a state observer is designed for the considered problem, i.e. state vectors of the control system are difficult to directly measure. Moreover, the fault signal has a negative influence on the designed state observer. To address this issue, a dynamic FDI filter design method is presented to achieve the detection and isolation of the fault signal. Finally, a dynamic FTC controller design method that combines a state observer and a FDI filter is finished. A numerical example and an experiment are presented to verify the effectiveness of the proposed method. Based on the results, the following conclusions are drawn.
(1) A well-designed dynamic FDI filter is used to detect the location and the amplitude of the fault signal correctly.
(2) The state observer based on the accelerations of each floors, accurately observes the whole states of the system, and has superior control effect and stable AMD parameters.
(3) When the sensor fails to work, the system is regarded as introducing a new input signal that brings negative interference to the system. AMD control system without consideration of this issue increases the structural response when the fault signal in the sensor presents.
(4) The FTC controller is combined with a state observer and a dynamic FDI filter. It tolerates the fault signal in accelerometers, effectively controls the structural response and maintains the stability of AMD parameters. Its control effects and AMD parameters are close to the system without fault signal. Therefore, it enhances the robustness of the control system.
Even with fault signals, the control performances are still stable, as demonstrated by the above results. Therefore, the dynamic FTC controller described in the paper is regarded as robust control. The dynamic FDI filter designed in this paper is applied widely, but may have difficulties in achieving the process of fault-tolerance control in engineering practices through hardware devices. Thus, future efforts in this direction are focused on a static FDI filter shown as a gain matrix to achieve the conversion between the measuring output with fault signal and the real output.
